IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Néel order in the ground state of Heisenberg antiferromagnetic chains with long-range

interactions

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1997 J. Phys. A: Math. Gen. 30 1095
(http://iopscience.iop.org/0305-4470/30/4/012)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.112
The article was downloaded on 02/06/2010 at 06:12

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/30/4
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Ger30 (1997) 1095-1100. Printed in the UK PIl: S0305-4470(97)77782-5

Néel order in the ground state of Heisenberg
antiferromagnetic chains with long-range interactions

J Rodrigo Parreirg, O Bolinat| and J Fernando Pergz

1 Department of Physics, Princeton University, PO Box 708, 08544-0708 Princeton, USA
i Instituto de Fsica, Universidade de@® Paulo, PO Box 66318, 05389-978d5Paulo, Brazil

Received 11 September 1996

Abstract. We consider the ground state of one-dimensional antiferromagnets with long-range
interactions with Hamiltonian given by

H=- Z Z<_l)nj(i’l)sx - Sxin

where J(n) = Jn=%, with / > 0. We prove Nel order for all 1< o« < 3 if the spins is
sufficiently large. We also prove the absence of long-range order when3 for any spin
value.

1. Introduction

The antiferromagnetic Heisenberg model with long-range staggered interactions is defined
by the Hamiltonian

L
Ha=—-Y Y (-D)"Jm)S @)

xeA n=1
where
A={0,1,....,L}CZ

and L is an odd integer number, in order to avoid frustration when periodic boundary
conditions are chosen. We also define

J(n) =Jn* J>0a>0.

The S, variables are usual spin operators at siteuch thatS? = s(s + 1), obeying
the canonical commutation relations

(S5, SJ] = i€;jkSydsy.
This is exactly the model first discussed byHRlich et al in [1], where they proved that,
at 7 > 0, this system with k « < 2 presents Bel order for suffficiently large spins.
In this paper we show that, for this same model, long-range order (LRO) will be present

in the ground state, for a sufficiently large spin, wher & < 3. To obtain this result we
use infrared bounds [2] adapted for the study of ground states [3].
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We also show that this result is the best possible, since we prove that,>if 3,
LRO is impossible in the ground state for any spin value. This result can be achieved
by mimicking the proof of the Mermin—Wagner theorem [4] which shows the absence of
spontaneous magnetization in models with continuous symmety<f 2. This can be
done with the use of an inequality proposed by Shastry [5] which plays the role of the
Bogoliubov inequality in the ground state.

The discussion about the energy gap between the ground state and the first excited states
in these systems is carried on elsewhere [6].

2. Definitions and notation
We first introduce the Fourier transform of an arbitrary functioty

ﬂ@=v%§:ﬂﬂem

xeA
wherek € A* = {k = (27/L)q;q = 0,1,...,L}. Applying this definition to the
Hamiltonian (1) with periodic boundary conditions, we obtain

7 J(l’l) n ok QO
Ha =k§; 5 [1— (=1)" coskn] S - S (2)
In fact, the Hamiltonian (2) is not equal to (1), since both operators differ by an additive
constant. This constant, however, will play no role in the subsequent analysis.
We also introduce the usual two-point function
2= (85
where the expectation value of an observablén the Gibbs ensemble is defined in the
standard way:

_ Tr(A) exp{—BH}

(A)=—
rexp{—pH}
The Duhamel two-point function, denoted b, B), is given by
1 1

From now on, whenever ambiguities are absent we shall repr@;sém Sk

3. Existence of LRO for 1< a < 3

The first condition to be imposed on the exchange function in (1) is due to the
thermodynamic stability of the system. We neet} J(n) < oo = o« > 1.

The property of reflection positivity for the model defined by (1) was proved in [1].
For systems satisfying this property it is possible to derive the infrared bound, which is an
upper bound for the two-point function based on the Duhamel inequality [2]:

(S 31'% ,321'3:167;%
R

3
i 3
Bk B ; Bk B Zn J(}’l)[l - (_1)11 COSkn]

Here,
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so that the Duhamel two-point function is bounded by
i i Bi

(S, S5 < 2—2 €)
This Gaussian domination result can be derived by performing chessboard estimates over
a model which is defined by a reflection positive Gibbs measure (for more details on this
subject the reader is referred to [1]).

The term Y2, Ci = C; is an upper bound to the expected value of the double

commutatorZ?zl[S};, [Ha, S",]]. This double commutator can be evaluated explicitly

3

i [Ha, S 4 Jm .,
;[Sk,[HA,S_k]] =—X;2’1: 5 (~1"(L—coskn)S, - S,

leading to the operator inequality:
3

> IS [Ha. S, < —4[ > J(Z”) (-D"(1— COSkn)]s(s +1) =G

i=1 n

The sum rule

1

3
N Z g =s0+1)
keA* i=1

follows from S2 = s(s + 1) so that

1S 1
—Zg,iznzs(s+1)——ZGk.
Ai:l Ak#n

We want to study the ground state of the system and so we first take the limit
B — oo with fixed A, and then the limitL. — oo. Taking into account the inequality
cothx < 1+ 1/x, we obtain [3]

13, 1T\ (T
. - l> —_ ! ! .
im0 [ 4[() (5 )]

Therefore, a sufficient condition for long-rangee® order is that the right-hand side is
positive. It turns out that this condition leads to

—6Y, J(n)(—1)"(1 — coskn) }5 B

+
1 1
st + D >Ef dk{ S, J[L — (—1)" cosk]
0

We are now in the position to state the following theorem.

Theorem 1. For the model described above, witlin) = Jn~* for every 1< o < 3, there
existss(a) < oo such that the system will show LRO at zero temperatusesif s («).

Proof. We must show that for a certain interval of valuesocothere existsZ such that
I <7 < o0.
The numerator can be bounded by

Yo (=" —coskn) <2) (=) = 2A().
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Then makingk — k + 7 in I, we establish the inequality

1< 2\/—12A(a)/ dk[ !
0

>, n~%(1— coskn)]/2

We also have
[7/K]
> n7*(1—coskn) > Y n~*(1— coskn)
n n=1

where [r/k] is the least integer smaller or equalig k.
The function(1 — coskn) that appears above is now substituted by a quadratic function
that contains its limits irkn = 0 andkn = 7, producing

[7/k] ;2 Lz/k
> n7*(1—coskn) > zf Z e (4)
n=1

Two distinct estimations can now be performed, according to the facutk@? or o > 2.
Ifl<a<?2,
k2 [7/k] - k2 T
25 21 2 20 ] = e
If « > 2 we then have
[r/k] PeER))

Z P22 gy = feab).

At this point we obtam
Hh1<a<?2,

<T=,—-124 (a/ dk———

for any « in the given interval;
(i) « > 2,

vV fa<2(k

<ZT=y-124 (oz/ dk— fo(>2(k

so that the above integral is finite whenevér— «)/2 > —1, implying o < 3. The
condition for LRO can then be restated as

[s(s + 1)]% >7
which can always be made true fer< 3 ands sufficiently large. O

4. Absence of order forac > 3

It is now convenient to redefine the Hamiltonian by

L

HA =h Z(_l)xsf + (Z(_l)”J(n)SJ\ ° Sx+n> = HA +h |A|§7T
xeA n=1

whereh represents an external field that will later be taken in the limit- 0. We now

define the spontaneous magnetization as

o(h) = Iim |A|<Zs3 é”>

xeA
and state the followmg.
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Theorem 2. If « > 3 we have

]|1|Ln0 o(h)=0.

Proof. Our proof follows from the following inequality [5],

(b, by (llat, Fial, al @', B > [, 1) P (5)

where a, b are self-adjoint operators. The problem is now reduced to performing a
convenient choice of the operatarsandb. We shall take

at =57, and  b=S{,.

Here S;° are the Fourier transforms of the operat§fs= S* +iS2.
We then have, on the right-hand side of (5),
(la'.0]) = (87 . Si,x]) = 20 (h).

The anticommutator on the left-hand side is given by

(', b)) = ITll 388 et g kO | gy grintey ik

so that summing both sides ovierwe obtain the inequality

Y (bt b)) < IAls(s + 1)

keA*

X,y

by using the translation invariance of the expected value followed by an estimation in the
norm. The double commutator in (5) can also be estimated in the norm after an explicit
calculation
~ o8]
(lla'. Hal.al) < 4) {1 — coskn)n™s(s + 1) + |ho (W)]}.
n=1

The Duhamel two-point function can be bounded in the following way
(a',a) = (S, SP) + (82, S7) + 2i(S?, S1)

where we used the reality of the operasdrand the fact thas? = —S?,. By applying the
Schwarz inequality to estimate the modulus of the imaginary term above we obtain

(al,a) < (5% S + (5% 5D + 2,/ (51, SH(S2,. 5

so that the infrared bound (3) produces
(a',a) < 2 k#m
’ ~X ﬂEk

whereE, =), [1 — (=1)" coskn]n=.
Putting it all together, summing both sides o¥eand using the parity of the integrand,
we have when., — oo

20 ()2 [~ Ex v
s(s+1) > B /0 dk { 2[y", (L —coskn)n=%s(s + 1) + |ho (h)|] }
=20 (h)%I(a, h).
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We must now search fdf(«, h) < I(a, h) such that lim_qZ(x, h) — oo, in which case
lim,_oo(h) = 0. We first look at the denominator of the integrand, where we use the
inequality 1— coskn < k?n?/2:

T 1/2
1(a,h)>3/ dk{ Ex }
7 Jo 2[Y", k?n?>=%s(s + 1) + |ho (h)[]
The numerator can be bounded in the following way (4):
Z[l — (=" coskn]n™* = Z[l —cosk +m)n]n™"

n

2 2
2(k+71) Z 2a:2<k+n) R@)

and we notice thaR («) < oo if o > 3.
Now we haveZ(a, h) = Z1(«, h) + Z>(a, k), where
2J2R(x) /” dk k
2 {2[>°, k?n?>=2s(s + 1) + |ho (h)|]}V/?
which is finite fora > 3 in the limit 2 — 0, and
2J2R() /” d T
2 {2[>°, k?>n?>=2s(s + 1) + |ho (h)|]}/?

which has a logarithmic divergence whén— 0, indicating that LRO does not occur if
a > 3. 0

Ti(a, h) =

Ig(Ol, h) =
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